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Introduction
This paper is a continuation of [Ivr3] The purpose of this paper is to provide a more refined asymptotics (with an error estimate in L 1 -norm) and on the distances ≫ Z −1 from the nuclei.
Let us consider the following operator (quantum Hamiltonian)
describing N same type particles in (electrons) the external field with the scalar potential −V (it is more convenient but contradicts notations of the previous chapters), and repulsing one another according to the Coulomb law.
Here x j ∈ R 3 and (x 1 , . . . , x N ) ∈ R 3N , potential V (x) is assumed to be real-valued. Except when specifically mentioned we assume that
where Z m > 0 and y m are charges and locations of nuclei.
Mass is equal to 1 2 and the Plank constant and a charge are equal to 1 here. We assume that
Our purpose is to prove that at the distances a ≫ Z −1 from the nuclei the electronic density
is approximated is approximated in L 1 (B(y m , a))-norm with the relative error by the Thomas-Fermi density.
Theorem 1.1. In the described framework under assumption
the following estimate holds:
Remark 1.2. (i) In [Ivr3] or a = |x − y m | ≪ Z −1/3 we estimated the same norm for ρ Ψ − ρ m , whrere ρ m is the electronic density for a single atom in the model with no interactions between electrons. As a ≥ Z −11/21−δ ′ (1.8) is better than estimate (1.8) of that paper, which is in this case Z 11/6 a 5/2 .
(ii) Under assumption (1.7) with σ = 0 estimate (1.8) holds with δ = 0.
In Section 2 we consider a one-particle Hamiltonian with a potential V = V 0 + ςU where U is supported in B(0, r) and satisfies |U(x)| ≤ 1, 0 < ςr ≪ 1 and explore its eigenvalues and projectors. In Section 2 we prove Theorem 1.1.
Proof of Theorem 1.1
Similarly to (2.3) of [Ivr2] under assumption(1.7) we get After rescaling x → xa −1 , τ → τ ζ −2 we are in the semiclassical settings with h = 1/aζ. Due to Tauberian method we can rewrite the integrand as
with an error, essentially not exceeding
Using two-terms successive approximation method wirh unperturbed operator H W +ν and perturbation sU, we can evaluate
with an error, not exceeding Ch −1 T 2 ς × h −3 . Indeed, the absolute value of n-th term is estimated by Ch 1−n T n ς n−1 × h −3 for n ≥ 1.
However, (2.7) is estimated by a better expression Ch −2 . Tt is due to due to semiclassical microlocal arguments applied to Γ x u, in which case nonsmoothness of U plays no role. Indeed, W ≍ Zℓ −1 , and 0 ≤ −ν ≤ CZ 4/3 , so for ℓ(x) ≤ ǫZ −1 it H W +ν is x-microhyperbolic on energy level 0. It is also x-microhyperbolic for ℓ(x) ≤ ǫ|ν| 1/4 ≍ ǫ(Z − N) On the other hand, without these microlocal arguments for ϕ ∈ C ∞
and therefore if we replace here ϕ L (τ ) by 1 this would not exceed the same expression with L = h/T , i.e. C k ςCT ςh −3 and therefore
Minimizing by T ∈ [h, 1] we get C(ς 1/2 h −3 + h −2 ) for T ≍ min hς −1/2 , 1 .
where we rescaled back and plugged h = 1/ζa. Taking
Next, optimizing by ς ≍ (Z 5/3−δ ζ −5 a −3 ) 2/3 as (2.12) Z 5/3−δ ≤ ζ 5 a 3 we get finally (2.13) CZ 5/9−δ/3 ζ 4/3 a 2 + Cζ 2 a 2 under assumptions ζa ≥ 1 and (2.12). If a ≤ Z −1/3 we have ζ = Z 1/2 a −1/2 and the first assumption means that a ≥ Z −1 and the second is fulfilled automatically so we arrive to the first case in (2.14) ρ Ψ (x) − ρ TF (x) L 1 (Z) ≤ C Z 11/9−δ/3 a 4/3 + Za for Z −1 ≤ a ≤ Z −1/3 , Z 5/9−δ/3 a −2/3 + a −2 for Z −1/3 ≤ a ≤ Z −5/21+δ ′′ , If a ≥ Z −1/3 we have ζ = a −2 and (2.12) means that a ≤ Z −5/21+δ ′ and we arrive to the second line in (2.14), and there the first term dominates.
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